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Abstract—The exploration of AI fairness has emerged as a
crucial area of research receiving growing attention in recent
years. Various metrics have been proposed to assess group
fairness, which examines whether the model outcomes correlate
with sensitive attributes such as gender, ethnicity, age, and
others. These fairness metrics primarily assess the statistical
independence and conditional independence between the model
prediction and the true target variable concerning the sen-
sitive attributes. In the fair AI literature, these relationships
can generally be categorized into three criteria: Independence,
Separation, and Sufficiency, each intuitively defined based on
different conditioning variables accordingly. Calculating fairness
metrics for classification models is relatively straightforward
using confusion matrices. However, it becomes more challenging
for regression models due to the continuous nature of the
dependent variable and the involvement of probability density
function. Previous works on algorithmic fairness often simplify
or use less-than-ideal versions of fairness criteria in regression
settings. In this paper, we propose a novel approach to calculate
Independence, Separation, and Sufficiency scores directly on
density level for regression models. We achieve this by estimating
the relevant conditional densities with Gaussian mixtures and
directly applying them to group fairness approximation. This
approach offers greater accuracy when dealing with continuous
outputs compared to transformation methods. We validate our
approach through empirical studies using both simulated and
public datasets. Comparative performance analysis against the
most recent existing method demonstrates the effectiveness of
our algorithm.

Index Terms—Fair AI, Fairness metric, Regression model,
Gaussian mixture, Density estimation, Mutual information.

I. INTRODUCTION

With the extensive use of Artificial Intelligence (AI) and
Machine Learning (ML) in various industries to improve
business outcomes, it is crucial to ensure proper governance
of AI systems. Bias can easily infiltrate these systems and
result in irreversible harm. For instance, in loan applications,
historically disadvantaged groups may face higher rejection
rates compared to privileged groups [1]. More serious cases
can be found in court decisions regarding criminal sentences or
parole, as exemplified by the well-known case of the COMPAS
software reported by ProPublica [2]. Judges in the U.S. often
use COMPAS to determine whether to release an offender
or keep them in prison, and investigations have revealed bias
against African-Americans.

Among the various types of biases, model fairness is a
major concern that has garnered increasing attention from
academia, industries, and governments in recent years. De-
tecting model bias has become increasingly important in
fields such as healthcare, finance, legal issues, education,
and HR. However, there is no universally accepted definition
of fairness in the context of machine learning. Two widely
adopted families of fairness definitions are group fairness and
individual fairness. Group fairness metrics assess fairness at a
group level, typically defined by sensitive attributes like age,
gender, or ethnicity, while individual fairness metrics aim to
ensure that similar individuals receive similar treatment. This
paper specifically focuses on group fairness metrics, which are
extensively used in existing bias mitigation efforts to quantify
model fairness. These metrics are essential for the effective
implementation of bias mitigation techniques.

In the fair AI literature, the main criteria of group fairness
are commonly known as Independence, Separation, and Suffi-
ciency [3]. These criteria primarily assess the statistical inde-
pendence and conditional independence relationships between
the model prediction, the true target variable, and the sensitive
attributes. Under these three fairness principles, various fair-
ness metrics can be defined to quantify the model bias. While
group fairness metrics have been well-defined for classification
models over the last decade, with biases typically represented
by confusion matrices for each demographic group, calculating
the same set of group fairness metrics for a regression model
poses challenges due to the continuous nature of both the target
dependent variable and the model prediction variable.

Prior works on computing group fairness metrics for re-
gression models have often resorted to simplification or less-
than-ideal forms of fairness criteria. For example, Agarwal
et al. (2019) [4] incorporated statistical parity and bounded
group loss as fairness metrics and integrated them into the
regression objective function to achieve “fair regression” based
on their proposed metrics. Berk et al. (2017) [5] defined
a fairness penalty function using extensive pairwise differ-
ences in regression predictions between sensitive groups as
fairness regularizers. Fitzsimons et al. (2019) [4] suggested
incorporating the group fairness expectation into regression
kernel functions. Caton and Hass (2020) [5] conducted a
review of other fairness metrics focusing on specific parities.
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However, none of these studies utilized the rigorous definitions
of Independence, Separation, and Sufficiency for calculating
fairness in regression models.

To the best of our knowledge, the work by Steinberg, et al.
(2020) [6] is the most closely related to our approach. They
proposed a method to approximate the three group fairness
criteria for regression models by converting the problem into
discrete space. Their derivation yielded formulae approximat-
ing regression model biases, which could be expressed as
ratios of conditional probabilities of the sensitive attributes
given the continuous dependent variable, or model prediction
or both. They then used machine learning classifiers to es-
timate these conditional discrete probabilities from the data.
Further, these learned probabilities were utilized to calculate
mutual information scores, serving as approximations of the
regression model bias. Their work was the first to leverage
mutual information as a measure to quantify group fairness.
However, it is important to note that their approach heavily
depends on the performance of the learned classifiers.

Instead of transforming density problem into probability
estimation, this paper proposes the use of Gaussian mixture
models to directly estimate the conditional densities. This
approach enables us to approximate regression fairness at
the continuous distribution level. As well known, a Gaussian
mixture model can theoretically achieve arbitrary accuracy in
estimating any continuous density with an adequate number of
components. Please note that in the specific context of group
fairness with discrete sensitive attributes like gender or race,
we are dealing with only two-dimensional continuous space,
namely, the true target variable and the regression model pre-
diction variable. Exploiting this setting is advantageous as we
can avoid the curse of dimensionality. To our best knowledge,
this paper is the first to apply continuous density estimation
to quantify group fairness criteria for regression models. We
will present a rigorous mathematical derivation on how we
approximate the regression fairness scores, directly computed
using estimated densities. Our proposed approach represents
an integration of mature algorithms, but it is innovative in
the way it assembles them together for the first time for the
purpose of fairness evaluation.

The remainder of this paper is organized as follows. In
Section II, we provide a formal definition of the problem
and introduce the notations that will be used throughout
the paper. Section III elaborates our approach, detailing how
we utilize Gaussian mixture models to estimate conditional
densities and compute Mutual Information as measurements of
the corresponding fairness criteria. In Section IV, we present
the results of empirical studies conducted on both simulated
and public datasets to demonstrate the effectiveness of our
approach. Finally, we conclude the paper with a discussion of
our findings and outline potential avenues for future work in
Section V.

II. PROBLEM FORMULATION

A. Definitions and Notations

In regression, we have Y and Ŷ as the continuous random
variables representing the true target and the model prediction
respectively. A is a categorical sensitive attribute, e.g. gender,
ethnicity, etc., upon which we evaluate model fairness. Typ-
ically in regression, Y, Ŷ , and A are one-dimension random
variables. Instances of Y, Ŷ , and A are denoted as y, ŷ, and a,
which are scalar values in the context. Further, y ∈ R, ŷ ∈ R,
and a ∈ {1, ..., C} where C represents the cardinality of the
categorical variable A. Our data is composed of observations
of these three variables. Each data point indexed by i has its
corresponding values, yi, ŷi, and ai.

Let us review the definition of three most general group
fairness criteria: Independence, Separation, and Sufficiency
[3]. Specifically, Independence analyzes the statistical inde-
pendence between model prediction and sensitive attributes.
Separation evaluates the conditional independence between
model prediction and sensitive attributes given the ground
truth. And Sufficiency, on the other hand, evaluates the con-
ditional independence between the true target variable and
sensitive attributes given model prediction. Mathematically,
these criteria are defined as follows:

Independence :

Ŷ⊥A ⇒ P (Ŷ , A) = P (Ŷ )P (A) (1)
Separation :

Ŷ⊥A |Y ⇒ P (Ŷ , A |Y ) = P (Ŷ |Y )P (A|Y ) (2)
Sufficiency :

Y⊥A |Ŷ ⇒ P (Y,A |Ŷ ) = P (Y |Ŷ )P (A|Ŷ ) (3)

Knowing that it’s very difficult to achieve the perfect
equality of these equations in reality, our goal in this paper
is to find an effective and robust way to generate a score
between zero and one which quantifies to what degree these
three fairness criteria are satisfied.

B. Fairness Quantified by Mutual Information

In this section we will first introduce how mutual informa-
tion can be applied for evaluating fairness based on the group
fairness criteria shown in Equations 1 - 3. We then will dive
into how to calculate various fairness scores technically.

Mutual Information (MI) or conditional MI of two random
variables quantifies how much information is obtained about
one variable by observing the other. Therefore it can be used
to evaluate independence or conditional independence between
two random variables. MI is symmetric by its definition.

Take Ŷ , A as the example, MI of Ŷ , A can be calculated as
below:

I[Ŷ ;A] =

∫
Ŷ

∑
a∈A

P (Ŷ , A) ln
P (Ŷ , A)

P (Ŷ )P (A)
dŶ (4)
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As you can see, if Ŷ , A are independent with each other, their
MI I[Y,A] will be zero. Otherwise I[Y,A] will be a positive
number.

To make it more meaningful as a metric, it is better to have
MI bounded between zero and one. This can be done by using
entropy. We know MI is related to entropy in the following
way:

I[Ŷ ;A] = H[A]−H[A|Ŷ ] = H[Ŷ ]−H[Ŷ |A] (5)

where H[A], H[Ŷ ] are entropies of A and Ŷ respectively. And
H[A|Ŷ ], H[Ŷ |A] are conditional entropies correspondingly.
Either H[A] or H[Ŷ ] can be used as the normaliser then we
can make a normalized MI serving as a fairness metric like
below:

Ĩ[Ŷ ;A] =
I[Ŷ ;A]

H[A]
(6)

or,

Ĩ[Ŷ ;A] =
I[Ŷ ;A]

H[Ŷ ]
(7)

Please note that depending on which normaliser is used, the
normalized MI may be different. But obviously, Ĩ[Y,A] ∈
[0, 1]. We will discuss how to choose the better normaliser
later in section III-A.

Similarly, conditional mutual information can be de-
fined and used to evaluate conditional independence. Take
p(Ŷ , A|Y ) as the example, the conditional MI to evaluate the
conditional independence between Ŷ , A given Y is,

I[Ŷ ;A|Y ] =

∫
y

∫
ŷ

∑
a∈A

p(y, ŷ, a) ln
p(ŷ, a |y)

p(ŷ|y)P (a|y)
dŷdy (8)

And the normaliser for the conditional MI is the corresponding
conditional entropy - either H[A|Y ] or H[Ŷ |Y ].

To make this section self sufficient, let us also have the
equations for calculating entropy and conditional entropy as
below:

H[A] = −
∑
a∈A

P (a) lnP (a) (9)

H[Y ] = −
∫
y

p(y) lnP (y)dy (10)

H[A|Y ] = −
∫
y

∑
a∈A

P (y, a) lnP (a|y)dy (11)

H[Ŷ |Y ] = −
∫
ŷ

∫
y

P (ŷ, y) ln p(ŷ|y)dydŷ (12)

For all these mutual information scores and associated
entropies presented above, we will estimate the conditional
densities directly by Gaussian mixture models. We will present
our algorithm in detail in the next section.

III. MUTUAL INFORMATION BY GAUSSIAN MIXTURES

A. Minimum upper bound normaliser

To normalize quantities into the interval of [0, 1], it is
desirable to find the minimum upper bound among all possible
quantities. This is because if an arbitrarily large number is
chosen, all original quantities will be compressed towards the
lower end of the interval, leaving a large empty space in the
upper end. In general, the entropy for discrete variables is well
bounded, while the entropy for continuous variables or the
conditional entropy for continuous variables may be infinite or
may not even exist [10]. In fact, continuous entropy is referred
to as differential entropy, and conditional continuous entropy
is referred to as conditional differential entropy. Unlike proba-
bilities, which are always in the range of [0, 1], the values of a
probability density function can be greater than 1. This means
that differential entropy does not share all the properties of dis-
crete entropy. For example, the uniform distribution U(0, 1/2)
has a negative differential entropy:

∫ 1
2

0
−2 ln(2)dx = − ln(2).

And the uniform distribution U(0, 1) has a differential entropy
of zero. Furthermore, computing discrete entropy is always
easier compared to continuous entropy. Therefore, as a general
guideline, it is recommended to choose the entropy of discrete
variables as the normalizer for normalizing mutual information
scores.

B. Gaussian Mixture Model

Theoretically, a Gaussian mixture model (GMM) can be
used to estimate any arbitrary continuous distribution with
arbitrary accuracy by using sufficient number of components
in the mixture. In practice, the good news is that we often
do not need many components to achieve high accuracy as
reported in the literature [11], [12].

For calculating mutual information shown in Section II-B,
we need to estimate a conditional density of one continu-
ous variable given another continuous variable. This can be
done by estimating the joint density over these two variables
first. As well known, density estimation suffers by curse of
dimensionality. But here in this particular context, the joint
continuous space is only up to two dimensions. All group
metrics we discussed in the regression setting have only
y, ŷ, a involved, where a is the discrete sensitive attribute
representing sensitive groups. Using Gaussian mixtures can
take advantage of this setting to achieve reasonable good
performance. Once we have the joint density estimated in the
form of a two-dimensional GMM, the conditional density of
one dimension given another can be analytically calculated
as a one-dimensional GMM based on the original Gaussian
components of the joint mixture [13]–[15].

Specifically, suppose that we have the following Gaussian
mixture model consisting of K components over the space of
x1,x2:

p(x1,x2) =

K∑
k=1

wk N

((
x1

x2

)
;

(
µk
1

µk
2

)
,

[
Σk

11 Σk
12

Σk
21 Σk

22

])
(13)
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where x1 ∈ RD1 ,x2 ∈ RD2 , and k indexes the number of
Gaussian components in the mixture. wk represents the weight
of the kth Gaussian component. And Σk’s are the covariance
matrices of x1,x2 for the kth component.

The conditional density of x1 given x2 can be derived from
Equation 13 with the same number of components Gaussian
mixture as below:

p(x1|x2) =

n∑
k=1

mk N (x1;µ
k
1|2,Σ

k
1|2) (14)

where mk is the new mixing coefficient represents the
weight for the kth component of the conditional density. And
µk
1|2,Σ

k
1|2 are the new mean vector and covariance matrix of

the kth Gaussian component in the new conditional mixture.
Using standard properties of Gaussian distribution (for details,
see [15]), they can be calculated by the following equations,

µk
1|2 = µk

1 +Σk
12(Σ

k
22)

−1(x2 − µk
2) (15)

Σk
1|2 = Σk

11 − Σk
12(Σ

k
22)

−1Σk
21 (16)

mk =
wkϕ(x2|µk

2 ,Σ
k
22)∑K

k=1(wkϕ(x2|µk
2 ,Σ

k
22))

(17)

Please note that ϕ(x2|µk
2 ,Σ

k
22) is the likelihood of observed

value of x2 from the kth Gaussian component of the variable
x2.

C. Normalized MI by GMMs for Group Fairness Criteria

As shown in section II-B when calculating the normal-
ized mutual information measures, densities and conditional
densities are involved. To be specific, the following den-
sities are needed: (1) p(ŷ), p(ŷ, a) for Independence; (2)
p(ŷ, a|y), p(ŷ|y) for Separation; and (3) p(y, a|ŷ), p(y|ŷ) for
Sufficiency. In addition, discrete probabilities P (a|y), P (a|ŷ)
are also needed for calculating conditional entropies for nor-
malizers. We will show how to estimate all of them by
Gaussian mixtures one by one in this section.

1) Independence:: For calculating MI for Independence
criteria, we need to estimate p(ŷ) and p(ŷ|a) for each in-
dividual value of A. Let us denote a Gaussian mixture as φ.
We need to train φ(ŷ|a) for each unique value of A and φ(ŷ)
from all observations. These can be done by one-dimensional
Gaussian mixture estimation. Concretely, we have,

I[Ŷ ;A] =

∫
ŷ

∑
a∈A

p(ŷ, A) ln
p(ŷ|a)
p(ŷ)

dŷ

≈ 1

n

n∑
i=1

ln
φ(ŷi|ai)
φ(ŷi)

ĨInd = Ĩ[Ŷ ;A] =
I[Ŷ ;A]

H[A]
≈

1
n

∑n
i=1 ln

φ(ŷi|ai)
φ(ŷi)

−
∑

a∈A(
na

n ln na

n )
(18)

2) Separation:: Again, Separation is to evaluate the con-
ditional independence between Ŷ and A given Y . First, we
have,

I[Ŷ ;A|Y ] =

∫
y

∫
ŷ

∑
a∈A

p(y, ŷ, a) ln
p(ŷ, a |y)

p(ŷ|y)P (a|y)
dŷdy

=

∫
y

∫
ŷ

∑
a∈A

p(y, ŷ, a) ln
p(ŷ|y, a)
P (ŷ|y)

dŷdy

This requires us to estimate p(ŷ|y, a), p(ŷ|y) where two con-
tinuous variables are engaged. We use the conditional GM
estimates φ(ŷ|y) to approximate p(ŷ|y) by the following two
steps: (1) train a two-dimensional GM φ(ŷ, y) from the data
with a reasonable number of Gaussian components (usually a
3−5 components GM works well); (2) Derive the conditional
GM φ(ŷ|y) using Equations 14 - 17 from φ(ŷ, y). Similarly,
φ(ŷ|y, a) can be trained to approximate p(ŷ|y, a) with the
corresponding data for each instance of A.

As for the normaliser, we will choose H[A|Y ]. We know,

P (a|y) = p(y|a)P (a)

p(y)

Plugging back to Equation 11, we then have,

H[A|Y ] = −
∫
y

∑
a∈A

p(y, a) lnP (a|y)dy

≈ − 1

n

n∑
i=1

ln
φ(yi|ai)P (ai)

φ(yi)

where φ(y|a) and φ(y) are one-dimensional GMs that can be
easily learned from data, similar to the tasks of φ(ŷ|a), φ(ŷ)
for Independence fairness above.

Now it is ready to present the complete formulae of com-
puting normalized MI for Separation score as below:

ĨSep = Ĩ[Ŷ ;A|Y ] =
I[Ŷ ;A|Y ]

H[A|Y ]

≈
1
n

∑n
i=1 ln

φ(ŷi|yi,a
i)

φ(ŷi|yi)

− 1
n

∑n
i=1 ln

φ(yi|ai)p(ai)
φ(yi)

(19)

3) Sufficiency:: Sufficiency criteria is about evaluating the
conditional independence between Y and A given Ŷ . It is
very similar to the estimation process for Separation, except
the conditional order of variables is the opposite (p(y|ŷ)
instead of p(ŷ|y)). Accordingly, conditional GM estimates of
φ(y|ŷ), φ(y|ŷ, a) need to be learned.

Note that the normalizer for Sufficiency is H[A|Ŷ ], and it
is approximated as,

H[A|Ŷ ] = −
∫
ŷ

∑
a∈A

p(a, ŷ) lnP (a|ŷ)dŷ

≈ − 1

n

n∑
i=1

ln
φ(ŷi|ai)P (ai)

φ(ŷi)

where φ(ŷ), φ(ŷ|a) have been learned in Independence fair-
ness evaluation above.
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Now let us present the complete formulae of computing
normalized MI for Sufficiency score as below:

ĨSuf = Ĩ[Y ;A|Ŷ ] =
I[Y ;A|Ŷ ]

H[A|Ŷ ]

≈
1
n

∑n
i=1 ln

φ(yi|ŷi,a
i)

φ(yi|ŷi)

− 1
n

∑n
i=1 ln

φ(ŷi|ai)p(ai)
φ(ŷi)

(20)

4) NorMIX Algorithm:: Now it is ready to present our
algorithm - Normalized MIs by Gaussian mixtures as fairness
metrics. We named this algorithm as NorMIX. It takes a
data set consisting of instances of true target variable, model
prediction and sensitive attributes as the input then calcu-
lates three fairness scores representing regression fairness in
Independence, Separation, and Sufficiency criteria, denoted
as ĨInd, ĨSep, and ĨSuf. The complete NorMIX algorithm is
depicted in Algorithm 1.

IV. EMPIRICAL STUDIES

A. Simulated data

For a fair comparison, we conducted exactly the same
simulation setting demonstrated in [6] and added two more
new scenarios. Key variables in the simulation are a, y, ŷ,
where a ∼ Bernoulli(p = 0.7), representing a binary
sensitive attribute, and y, ŷ representing the underlying true
target, and the model output, respectively. The data generation
process, variables relationship graphs represented by Bayesian
networks, and the scatter plots of y, ŷ for Cases (a)-(d) are
depicted in Fig. 1, which are exactly the same as Cases (a) to
(d) in [6] (Section 5.1). Additionally, Cases (e) and (f) were
purposely designed to illustrate scenarios with high biases, and
zero Separation in the former and zero Sufficiency in the latter.
Fig. 2 depicts the distributions and network structures for the
two new cases. As can be seen, the conditional independence
structures from the network graphs justify the zero fairness
scores. In Case (e), for example, ŷ is conditionally independent
of a given y implying a Separation score of zero. Similarly, in
Case (f), y is conditionally independent of a given ŷ, resulting
in a Sufficiency score of zero.

For each case, the true distributions for all variables are
known, and therefore the formulae to compute the true fairness
scores can be derived accordingly. We approximate the ground
truth using numerical integration with varying sample sizes
ranging from 10, 000 to 10-million. It was observed that the
approximation converges to a stable value for each case.
We considered the final converged value as the approximate
true fairness scores, which were used as benchmarks for
performance comparison. We have documented a detailed
technical report including derivation and numerical integration
approximation with convergence demonstration.

The simulation in [6] utilized 1, 000 samples for each case
and used logistic regression with random radial basis functions
to construct non-linear classifiers ρ(a|·), which were validated
using 10-fold cross validation. To evaluate the NorMIX algo-
rithm, we adopted the same sample size of 1, 000 and learned

the necessary GMMs φ(y), φ(ŷ), φ(y|a), φ(ŷ|a), φ(y, ŷ), and
φ(y, ŷ|a) accordingly. The final fairness scores were computed
as the average of the corresponding scores from 10 simulation
trials.

For Cases (a)-(d), we presented a side-by-side performance
comparison in Table I, with the benchmark provided by the
approximate true scores, along with the NorMIX fairness
scores, and the corresponding fairness scores in [6] reported
originally from their paper. As can be seen, NorMIX produced
one small negative normalized MI scores and several scores
slightly higher than 1. These are numerical artifacts from the
estimation of random processes, which was also mentioned in
[6]. We interpret this as fairness scores that are very close to
the metric’s boundary of 0 or 1. Based on the comparison, it
is clear that NorMIX outperforms the other method in terms
of accuracy, despite using an identical sample size of 1, 000.
The results show that NorMIX was able to reduce the overall
Root Mean Square Error (RMSE) by more than half: 0.0293
vs. 0.0755.

Table II presents the performance results for Cases (e) and
(f), where the NorMIX scores are compared directly to the
approximate ground truth. In these cases, NorMIX was able
to detect the conditional independence with very low scores
close to zero. Moreover, the overall RMSE of 0.0068 indicates
a high level of accuracy for these particular scenarios.

Overall, the NorMIX outcomes align with the analytically
intuitive expectation of the simulation design. For example,
near-zero score values for Case (a) indicate the fact that
the case is of a fair situation. And the high Separation and
Sufficiency scores for Case (b) indicate a significant bias
issue compared to Case (d), despite both cases having the
same network structure but differing in their degree of bias.
This is due to the clear disparity observed in Case (b) in
terms of the distinguished distribution means, resulting in the
separation of the y, ŷ scatters into two distinct clusters. In
contrast, Case (d) exhibits two groups mixed together with
just different distribution variances. Please refer to Fig. 1 (b)
and (d) to observe these effects graphically. Interestingly, for
Case (c), the almost zero Independence score indicates that
ŷ, a are independent of each other when not involving y.
However, it should be noted that they become conditionally
dependent with each other given y. The network structure also
provides analytical evidence of this. Similarly, the extremely
high degree of conditional dependencies for both y, a|ŷ and
ŷ, a|y in Case (c), caused by the distinguished border between
the two groups (see Fig. 1 (c)) is reflected by the extremely
high Separation and Sufficiency scores. The value reported by
NorMIX is slightly higher than 1, which can be attributed to
numerical randomness in the learning process. It should be
interpreted as a value close to 1.

Furthermore, Case (e) and (f) were designed to create
distinct clusters in y, ŷ scatter plots for different values of
attribute a, resulting in little overlap between the two groups
(see Fig. 2). NorMIX indeed detected these facts and reported
high Independence scores for both cases, with a higher severity
0.8194 for Case (f) compared to 0.5889 for Case (e), indicating
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Algorithm 1 NorMIX: Normalized Mutual Information by Gaussian MIXtures as Regression Fairness Metrics

Require: A data set D consisting of target variable Y , model predictions Ŷ and sensitive attributes A. Both Y and Ŷ are
continuous variables. And A is a categorical variable with non-negative integers {0, 1, 2, . . . , C}, where C is a positive
integer.

Require: K, positive integer number specifying the number of Gaussian components for Gaussian mixture learning.
Require: Two functions: 1. gmm em(d,K), a function to return a Gaussian mixture of K components from data d. It can

learn one-dimensional GM or multi-dimensional GM based on the dimension of d; 2. gmm conditationl(φ(x1, x2), z) to
return the parameters of the GM estimate of the conditional density of x1 given x2 if z = 1 or x2 given x1 if z = 2 from
the joint GM φ(x1, x2) based on Equations 14 - 17.

1: # One-dimensional GM learning:
2: φ(y) =

∑K
k=1 wkN (µk,Vk) ∼ gmm em(D[′Y ′],K)

3: φ(ŷ) =
∑K

k=1 ŵkN (µ̂k, V̂k) ∼ gmm em(D[′Ŷ ′],K)
4: # Learn GM given each unique value of A:
5: for a ∈ {0, 1, 2, . . . , C} do
6: φ(y|a) =

∑K
k=1 lakN (uak, Sak) ∼ gmm em(D[A = a,′ Y ′],K)

7: φ(ŷ|a) =
∑K

k=1 jakN (ûak, Ŝak) ∼ gmm em(D[A = a,′ Ŷ ′],K)
8: end for
9: # Joint Two-dimensional GM learning and conditional GM derivation:

10: φ(y, ŷ) =
∑K

k=1 rkN (Uk,Σk) ∼ gmm em(D[′Y ′,′ Ŷ ′],K)
11: φ(y|ŷ) =

∑K
k=1 gkN (hk, Qk) ∼ gmm conditional(φ(y, ŷ), 1)

12: φ(ŷ|y) =
∑K

k=1 ĝkN (ĥk, Q̂k) ∼ gmm conditional(φ(y, ŷ), 2)
13: for a ∈ {0, 1, 2, . . . , C} do
14: φ(y, ŷ|a) =

∑K
k=1 rakN (Uak,Σak) ∼ gmm em(D[A = 1, [′Y ′,′ Ŷ ′]],K)

15: φ(y|ŷ, a) =
∑K

k=1 gakN (hak, Qak) ∼ gmm conditional(φ(y, ŷ|a), 1)
16: φ(ŷ|y, a) =

∑K
k=1 ĝakN (ĥak, Q̂ak) ∼ gmm conditional(φ(y, ŷ|a), 2)

17: end for
18: # Independence score:

19: ĨInd =
1
n

∑n
i=1 ln

φ(ŷi|a
i)

φ(ŷi)

−
∑

a∈A(na
n

ln na
n

)

20: # Separation score:

21: ĨSep =
1
n

∑n
i=1 ln

φ(ŷi|yi,a
i)

φ(ŷi|yi)

− 1
n

∑n
i=1 ln(

φ(yi|ai)P (ai)
φ(yi)

)

22: # Sufficiency score:

23: ĨSuf =
1
n

∑n
i=1 ln

φ(yi|ŷi,a
i)

φ(yi|ŷi)

− 1
n

∑n
i=1 ln(

φ(ŷi|ai)P (ai)
φ(ŷi)

)

24: Return ĨInd, ĨSep, ĨSuf

TABLE I
Fairness Score Comparison for Cases (a)-(d)

Case Fairness Approx. NorMIX Steinberg ∆1
a ∆2

b

Metric True
(a) ĨInd 0.0 0.0007 -0.003 0.00007 -0.003

ĨSep 0.0 0.0021 -0.006 0.0021 -0.006
ĨSuf 0.0 -0.0013 -0.006 -0.0013 -0.006

(b) ĨInd 0.3209 0.3279 0.271 0.007 -0.0499
ĨSep 0.984 1.0059 0.89 0.0219 -0.094
ĨSuf 0.9765 1.0006 0.847 0.0241 -0.1295

(c) ĨInd 0.0 0.0007 -0.015 0.0007 -0.015
ĨSep 0.9843 1.0319 0.841 0.0476 -0.1433
ĨSuf 0.9907 1.0568 0.898 0.0661 -0.0927

(d) ĨInd 0.0872 0.0873 0.082 0.0001 -0.0052
ĨSep 0.3935 0.4276 0.324 0.0341 -0.0695
ĨSuf 0.3355 0.3728 0.258 0.0373 -0.0775

Root Mean Square Error 0.0293 0.0755

aError term by NorMIX score − Approx. True
bError term by Steinberg score − Approx. True
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(a) Fair, y, ŷ are independent of a. (b) Biased, ŷ is dependent on a (shift mean).

(c) Biased, ŷ is independent of a, but becomes (d) Biased, ŷ is dependent on a (shift variance).
conditional dependent on a given y.

Fig. 1. Simulation setting for Cases (a) - (d) with different fairness scenarios.

that ŷ is more dependent on a in Case (f) than in Case (e).
This is because ŷ is directly impacted by a as designed in
Case (f) (a is the direct parent of ŷ), whereas in Case (e), ŷ is
indirectly impacted by a through y. As previously noted, the
near-zero scores reflect the absence of Separation in Case (e)
and the absence of Sufficiency in Case (f).

In terms of complexity, NorMIX does not require training
any classification models. Machine learning classifiers typ-
ically have many model choices and hyperparameters that

need to be tuned. It is hard to choose and justify a classifier
without knowing the true scores. By contrast, NorMIX directly
focuses on density estimations in the continuous space without
converting the original problem into discrete classifications.
It learns GMMs from the joint space of a, y, ŷ using the
well-established EM algorithm. Please note that for fairness
evaluation of regression models, the continuous joint space
has only two dimensions: y and ŷ. This gives NorMIX an
advantage to perform well on clustering without suffering of
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(e) Biased, ŷ is highly dependent on a. (f) Biased, ŷ is highly dependent on a.
Fig. 2. Simulation setting for demonstrating high bias but with zero Separation in Case (e) and zero Sufficiency in Case (f).

TABLE II
NorMIX Performance Results for Case (e) and (f)

Case Fairness Approx. NorMIX ∆a

Metric True
(e) ĨInd 0.5889 0.5922 0.0033

ĨSep 0.0 0.0066 0.0066
ĨSuf 0.5614 0.5726 0.0112

(f) ĨInd 0.8194 0.8248 0.0054
ĨSep 0.5608 0.5726 0.0046
ĨSuf 0.0 0.0066 0.0066

Root Mean Square Error 0.0068

aError term by NorMIX score − benchmark

high dimensionality. Additionally, the only hyperparameter in
GMM learning is the number of Gaussian components in
the mixture. In general, increasing the number of Gaussian
components improves the estimation accuracy of the GMM but
also increases computational time. In our experiments, we ob-
served that NorMIX computation time increases linearly with
the number of Gaussian components. This is demonstrated
by the example shown in Figure 3, where the Sufficiency
score gradually approaches the true value as the number of
Gaussians is increased from 3 to 13 for calculating the fairness
scores in Case (d). Furthermore, it is worth noting that all
empirical experiments for this paper were conducted in a
pure Python environment, including the implementation of
EM algorithm. This suggests that a distributed implementation
of NorMIX should theoretically achieve even better computa-
tional performance.

B. Real data

For application purposes, we tested the NorMIX algorithm
on a public dataset named Community and Crime dataset from

3 5 7 9 11 13
Number of Gaussian Components in GMM
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0.4477

0.4013
0.3894
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True=0.3355

24.72

38.84
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Time (second)

Fig. 3. Sufficiency Score Convergence for Case (d)

[16]. This dataset contains counts of all reported violent crimes
for 1, 994 communities across the United States. Each commu-
nity has 128 features, including several demographic features
from the census such as population density in percentage,
average income and percentage of population that is unem-
ployed. Following previous works, we defined communities
where the percentage of black population is 50% or higher as
the protected group ‘black’, while communities with less than
50% black population are categorized as the non-protected
group ‘other’. The community crime rate, a continuous value
within the range of [0, 1], serves as the target variable for this
dataset.

We split the data into training (60%) and testing (40%)
sets. The size of the training and testing set are 1, 196 and
798 respectively. Using XGBoost, we trained a regression
model on the training data, and then made predictions on
the testing data using the trained model. We then used the
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true crime rates, model predictions, and the protected group
definition mentioned earlier to calculate NorMIX scores for
Independence, Separation, and Sufficiency. Table III shows
the NorMIX scores obtained on the Community and Crime
dataset.

TABLE III
NorMIX Fairness Scores for Community and Crime Dataset

ĨInd ĨSep ĨSuf
0.4976 0.3709 0.0719

As shown in Fig. 4, the joint distributions of y and ŷ vary
significantly between different race groups. For the ‘black’
group, the distribution is mainly located on the high end
with a larger spread and variance, whereas for the ‘other’
group, the distribution is more concentrated on the lower end
with a tighter variance. Intuitively, we can determine that
the Independence score for this XGBoost model will indicate
bias (e.g., significantly higher than zero) because the model
output is highly correlated with race. Moreover, for a given
value of y (e.g., 0.4), we observe that the distribution of ŷ
varies significantly depending on race groups, with generally
lower prediction rates for ‘other’ group and higher rates for
‘black’ group. This resulted in the moderately positive score
for Separation (0.3709). On the other hand, for a given ŷ, the
true rates from different race groups are less distinguishable
horizontally, leading to a fair Sufficiency score (closer to zero).
NorMIX reported a Sufficiency score of 0.0719, which is
reasonable.

Fig. 4. Demonstration of 2-dimensional GMMs learned from XGBoost model
predictions vs. the ground truth

V. CONCLUDING REMARKS AND FUTURE WORK

Detecting fairness issues in regression models is a challeng-
ing and important topic, but there has been little work reported
in the AI community over the past decade to quantify Inde-
pendence, Separation, and Sufficiency in a regression setting.

This lack of research has led to inconsistent approaches for
addressing model bias in both classification and regression
models. This paper introduces NorMIX, a novel algorithm
that directly operates on conditional density estimation and
computes fairness scores based strictly on the definitions of the
three general fairness criteria. Unlike previous approaches that
convert the problem into discrete formulations, simplify it with
moment representations, or make other compromises, NorMIX
calculates the fairness score at the density level by directly es-
timating the conditional densities themselves. NorMIX offers
algorithmic flexibility, tunable accuracy, and easy integration
of mature existing learning algorithms such as Expectation-
Maximization (EM) algorithm for learning Gaussian mixture
models from data, as well as analytical derivation from joint
Gaussian mixture models to conditional Gaussian mixture
models. Experiments conducted using both simulated and real
datasets demonstrated the effectiveness of our approach. As
shown in Section IV, the GMM density estimations were able
to capture the underlying true distributions with reasonable
accuracy. It is important to note that once the GMM for the
2-dimensional joint density is well learned, the conditional
density of one continuous variable given another can be
analytically derived and demonstrated to have good accuracy.

As mentioned earlier, in the context of evaluating fairness
in regression models, the joint space for learning density is
limited to two dimensions (y and ŷ). NorMIX takes advantage
of this fact because the curse of dimensionality does not apply
here. With a reasonable amount of data, we expect good esti-
mates of the GMMs from this space. The number of Gaussian
components is the only hyperparameter in GMM learning, and
it plays a crucial role in determining the estimation accuracy
and computation time. One caveat is that overfitting may occur
if too many Gaussian components are used in learning GMMs.
Exploratory data analysis can provide useful heuristics for
determining a reasonable number of components to start with.
Depending on the specific application, one can make a trade-
off between accuracy and computational time by selecting an
appropriate number of Gaussian components.

For future work, we recommend giving more attention to
exploring the interpretation of normalized MI scores. Further,
determining an appropriate fairness threshold is a domain-
specific issue that requires practical guidance from subject
matter experts. In terms of distributed implementation, we
plan to develop NorMIX in the Spark environment [17] for
potentially faster computations. Additionally, we intend to
utilize NorMIX to assess bias in regression models. This
can aid in evaluating mitigation methods and facilitating the
investigation of potential bias mitigation techniques.
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